THREE RESULTS OF COMBINATORIAL GAME TOADS AND
FROGS

THOTSAPORN “AEK” THANATIPANONDA

ABSTRACT. We prove values of the starting positions T*CJOOF?, T*00F? and T*O0COFFF.
The last two positions were Erickson’s conjectures.

1. INTRODUCTION:

The game Toads and Frogs, invented by Richard Guy, is extensively discussed in “Win-
ning Ways”[1], the famous classic by Elwyn Berlekemp, John Conway, and Richard Guy,
that is the bible of combinatorial game theory. This game got so much coverage because
of the simplicity and elegance of its rules, the beauty of its analysis, and as an exam-
ple of a combinatorial game whose positions do not always have values that are numbers.

Rule

The game is played on a 1 x n strip with either Toad(T) , Frog(F) or O on the squares.
Left plays T and Right plays F. T may move to the immediate square on its right, if it
happens to be empty, and F moves to the next empty square on the left, if it is empty. If
T and F are next to each other, they have an option to jump over one another, in their
designated directions, provided they land on an empty square. (see [1] page 14).

In symbols: the following moves are legal for Toad:

LLTa... — o .gT. .
.TFO... — L.OFT...

and the following moves are legal for Frog:

.OF... — ...FO...,
.OTF... — ...FTO....

Date: March 18, 2011.
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Two players take turn moving their pieces. The first player who runs out of move loses.
Throughout the paper, we will use the notation X to denote n contiguous copies of the
Toads and Frogs position X. For example, [1*(TF)?F is shorthand for OOOTFTFF.

To be able to understand the present article, reader need a minimum knowledge of
combinatorial game theory, that can be found in [1]. In particular, readers should be
familiar with the notions of value of a game and sum games which are the bypass re-
versible move rule, dominated options rule and inequality of two games. (see [1] page
33, 62-64).

The only notations we use are (= {0 | 0}) and n * (= {n | n}). We will not use any
shorthand notation like T, 1}, etc.

Background Story

Already in [1] there is some analysis of Toads and Frogs positions, such as TTOFFO
and O°TFCP. In 1996, Erickson[2] analyzed more general positions such as TOF for any
a. At the end he made five conjectures about the values of some families of positions. All
of them are starting positions (positions where all T are leftmost and all F are rightmost).
Erickson’s conjectures were:

El: T°O0F* = {{a—3|a—0b}|{x|3—0b}} foralla>b>2.
E2: T*"O00FF ={a—2|a—2} for all a > 2.

E3: T*OOOFFF = a — % for all @ > 5.

E4: TeC°Fe !t =1or {1]|1} for all @ > 1.

E5: T[’F¢ is an infinitesimal for all a,b except (a,b) =(3,2).
E6: Toads and Frogs is NP-hard.

Jesse Hull proved E6 in 2000 (see [3]). Doron Zeilberger and the author proved E2 in
[4]. The counterexample to conjecture E4 are in [5]. The results of this paper include
the proofs of conjectures E1 and E3. Conjecture E5 is still open.

Recently, in [4], Doron Zeilberger and the author discussed the new algorithm called the
symbolic finite-state method. This method is an automated algorithm to prove the values
of all positions in the given class. For example, T*JT’F and T*F T are all the positions
in the class OJF. We first conjecture values of positions in this class. Then we prove these
values all at once by using induction. In practice, the following are the classes that we find
the values: OF,00F, 000F, OOOOF, OOOOOF, OFF, OOFF, OOOFF, OFFF, TF.
All the results above are in [6].
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Unfortunately, the symbolic finite-state method does not work with the positions where
there are variables on both T and F or both O and F such as T*000F°. However some
of these positions have nice values. In [5], the author categorized all positions with one
[1 and proved that the value of T*LILIF* is an infinitesimal for a > 4. At the end, we
made five conjectures related to these types of positions.

Current Work

The values of the starting positions are of a great interest. Some of them have been
investigated in Erickson’s paper, [2]. The starting position with the variables on both T
and F interested the author a lot. In this paper, we show the values of the three starting
positions namely,

(1.1) T°O00T° = {a—b|a—b}, a>40b>4.

(1.2) TO0F" = {{a —3|a—b} | {*]|3—0}}, a>b>2
7

(1.3) T'O00FFF =a— 2, a>5.

Although these positions have beautiful values, the proofs however seem tedious. The
techniques used to prove these positions are similar. The author decides to move the
proofs of T*OOF® and T*O0OOFFF to the appendices to make the paper more readable.

In Section 3, we show the value of T*CJOOT?, @ > 4,b > 4. These positions are im-
portant starting positions which cannot be proved by the symbolic finite-state method.
The proof is the shortest amongst the three positions.

In the appendix A, we discuss the values of the position T*JOF®, a > b > 2. The value
of this position is the first conjecture of Jeff Erickson in [2]. The proof is not long but
tricky. Regarding to this type of position, the values of T*JOOOT? and TeO00OOT?
are still unknown.

In the appendix B, we show the value of T*ILHLFFF, a > 5. In theory, we can apply
the symbolic finite-state method to prove the values of all positions in the class CICJCIFFFE.
The result above follows as one of the special case of many positions in this class. But as
we mentioned in [4], we could not get the computer to conjecture all the values of all the
positions in this class yet. And it would takes days for human to do conjectures by hand.
For now we prove the value of T*CJUOFFF , a > 5, which is Erickson’s conjecture 3,
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by hand. The proof is however assisted by computer program the author wrote in Maple.

We do not have an automated algorithm for position with variable on both T and
F yet. The proofs are assisted by the old program in making conjectures and doing
computation. In the future, we hope to have a new method (hopefully along the same
line as the symbolic finite-state method) or computer program to make the proofs more
automatic or at least shorten them.

2. CONVENTION AND LEMMA.

In this section, we explain the notation we use in this paper and also mention two lemmas
which we will refer to quite often through out this paper.

2.1. Convention. For G < 0, we want to show that Right can win when Left moves
first. We show that for each of the possible Left choices, Right has a response that wins
the game.

Similarly, we show G < H by considering G — H < 0. Therefore we want to show that
for all the possible Left moves in the game G or Right moves in the game H, there is a
winning reply by Right in the game G or Left in the game H.

Below is an example of the notation we use in this paper.

Example: To show: TeFOTFFTOF® < %, k>0,a>0,b>1.

2 1 2

Te FOT*F T OF" <3 .

Left has three choices to play, moving T on the left hand side or making a move on
the right hand side. The arrows above show the possible moves of Left on the left hand

side and Right on the right hand side in an order from 1 to 3. Right could respond to
each one of Left’s moves as follows:

First choice: Right responds by moving in the left option of {0 | 1} on the right hand
side. This leads to the position:

Case 1: T*FOT*FOTE? < 0.
Second choice: Right responds by moving the left most F. This leads to the position:
Case 2: T 'FOTFIFTOFR? < %

Third choice: Left picks Right option of {0 | 1} on the right hand side. Right responds
by moving the right most F. This leads to the position:

Case 3: T*FOTFFTFOF ! < 1.

2
In conclusion, if Left moves as in - it suffices to show Case 1.
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2.2. Two Lemmas. The proof of Lemma 2.1 is similar to the proof of DLP [1, p.127].

Lemma 2.1. One side Death Leap Principle (One side DLP): If X is a position
with no two consecutive empty squares and the only possible move for Left is a jump,
then X < 0.

Proof: In such positions, Left’s moves are necessarily jumps and always clear a space
for Right to reply. As a result, if Left moves first, Right can always reply. U

Examples: TTFUTTFUF < 0 and TTTFUFUTE < 0.

Lemma 2.2. Blocking Rule (BR): let X and Y be positions. The position X FFY <
X+Y.

Proof: Right can always imitate Left’s move on the opposite side of equation. Hence if

Left moves first, Right can always reply. O

2.3. Note. 1) There are the known positions in [4] or [6] which we will claim results
without proving them again. Those are

(2.1) TOT’FO=a, a>0,b>1.

(2.2) TO00F=a—-1, a>1.

(2.3) T*00TF =a, a>1.

(2.4) TOF® ={0|{-1]2-0b}}, b>1.

2) When we consider the choices of move, we omit the move of an integer. By the num-
ber avoidance theorem (page 147 in [1]), number is an inferior choice than non-number.
Amongst the choices of numbers, moving in an integer is the worst one.

3. TeOOOF?

The values of the starting positions are of a great interest. Some of them have been
first investigated in Erickson’s paper, [2]. The starting positions with the variables on
both Toads and Frogs are even more interesting since they could not be proved by the
symbolic finite-state method. In this section we show the value

TO00OT ={a—b|a—0b}, a>4,b>4.

The proof here is not long. However it would be interesting to develop computer
program to make the proof more automatic in the future. The outline of proof is shown
below.
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TO00F® = {a — b | a — b}.

T“‘%F%z {a —b|a—10}.

THDTTDFP%H —{a—b|a—b}

Te3OTTTOFFFOF 3 = {a — b | a — b}.

FIGURE 1. T*000F® = {a —b | a — b}

We prove each of the line above starting from the bottom. The top line is the result
we want.

Lemma 3.1. T*3OT3OF30OF 3 = {a—=bla—-"0b}, a>4,0>4.

2 1 3
Pl

Proof: By symmetry, we only need to show T¢=3 [ T3 OF30OF* 3 < {a—b|a—b}.

2 3
Pl

Case 1: To~3 OTTF T OFFOF* 2 < {a—b|a— b}

Case 1.1: T**OTTFOTFFOR 2 < a — b.

By BR, the left hand side < T*3OTTFOT + OF*3 = (a —3) — (b—3) = a — b.
Refer to (2.1).

Case 1.2: T**OTTTFTOFFOR 3 < a —b.

By BR, the left hand side < Te*OTTTFTO+0F" 3 = (a—4+1)— (b—3) = a—b.
Refer to (2.1).

2

Case 1.3: T*3 OTTF T FOFOFY™3 < a — b .

Case 1.3.1: T*3OTTFFOTFOR 3 < a — b.

The left hand side = T* 30 + OTFOF* 2 = (a — 3) — (b — 3) = a — b. Refer
to (2.1).
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Case 1.3.2: T**OTTTFTFFOOF 3 < a —b.
The left hand side is (a —4) — 2(b —3) = a — 2b + 2.

2

2 L
Case 2: T* 4 OTTT T OFFFOF* 2 < ¢ — b.
Case 2.1: T**OTTTFTOFFOF* 3 < ¢ — b . This is case 1.2.

Case 2.2: T* °0OT°FOFFOF 3 < a — b.

By BR, the left hand side < T*°OT°FO+OF* 3 = (a —5) — (b—3) =a —b— 2.
Refer to (2.1).

Case 3: T*3OTTTFOFFOF 3 < a — b.

By BR, the left hand side is < T*3OTTTFO + OF* 3 = (a—3) — (b—3) = a—b.
Refer to (2.1). O

Lemma 3.2. T* 20OT?0OF20F" 2% = {a—=bla—-"0}, a>4,0>4.

2 1 3
P

Proof: By symmetry, we only need to show T¢2 0 T? OF?00F* 2 < {a—b|a—b}.

2 3
Pl

Case 1: T*2 OTF T OFOF*2 < {a—b|a—b}.
Case 1.1: T* 2OTFFTOOF 2 < {a—0b|a—b}.

Left has to move the left most T, otherwise Right will move the left most F and block

the left most position. Therefore we have
T 3OTTFFTOOFY 2 < a — b.

The left hand side is (a — 3) — (b — 3) = a — b. Refer to (2.2).

Case 1.2: T*3OTTFTOFFOFR 3 < {a—b|a—b}.

This is Case 1 in Lemma 3.1.

2

= EN
Case 1.3: T*20OTF TOFFOF* 3 <a—1b.

Case 1.3.1: T* ?2OTFFTOFOF* 3 <a—b.
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Left has to move the left most T, otherwise Right will move the left most F and block
the left most position. Therefore we have
Te3OTTFFTFOOF 3 < a — b.

The left hand side is (a — 3) — (b — 3) = a — b. Refer to (2.3).

Case 1.3.2: T**OTTFTFOFOF* 3 <a—b .
This is Case 1.3 in Lemma 3.1.

Case 2: T*3OTTTOFFFOFR 3 < {a — b | a — b}, true by Lemma 3.1.

2

Case 3: T°2 OT T OFFFOF3 < q — b,
Case 3.1: T*?2OTFTOFFOF* 3 < ¢ — b. This is Case 1.3 above.

Case 3.2: a—b<a—0b, byLemma 3.1. O

Lemma 3.3. T 'OTOFOF ' ={a—bla—b}, a>4, b>4.

2 1 3

Proof: By symmetry, we only need to show T¢ ! [ T OFOF>-! <{a—10b]a—Db}.

1 2

Case 1: Te! OOTFFOF* 2 <{a —b | a — b}.

Case 1.1: T* 2OTFTOFOF* 2 < {a—b|a—b}.
This is Case 1 of Lemma 3.2.

Case 1.2: T 'O0TFFFOF ™3 < a — b.

= T 2OTFTOFFOF* 2 <a—b .
This is Case 1.3 of Lemma 3.2.

Case 2: T*2OTTUFFOF* 2 < {a—b|a— b} , true by Lemma 3.2.

2

2
Case 3: T O T OFFOF"2 < a — b,
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Case 3.1: T 'O0TFFFOF? 3 < @ — b. This is Case 1.2 above.

Case 3.2: a—b<a—0b, byLemma 3.2. O

Theorem 3.4. T°0000F* ={a—b|a—0b}, a>4, b>4.

2

Proof: By symmetry, we only need to show Te OOOF <{a—10b]a—Db}.
Case 1: T 'OTOFOF™ < {a—b|a—b}, true by Lemma 3.3.
Case 2: T°OFOF ! < q —b.

=a—b<a—0b, byLemma 3.3. O

4. FUTURE WORK

Toads and Frogs is beautiful game with many nice patterns everywhere. The works
done so far could have been just the tip of an iceberg. The first breakthrough was the
computer programming which compute the values on a specific board that led to discov-
ering patterns and conjectures as in [2]. The second breakthrough was in [4] which the
automated proof was introduced to verify the values of a specific class. Unfortunately,
the positions in this paper are too general for that method. The next breakthrough
should be another algorithm that are able to handle these general positions. But that
is an ultimate goal. In making a progress, it is important to stress the role of computer
program. Computer program will help seeing the bigger picture instead of getting lost
in details. We have to wait to see whether anyone could find a better algorithm to au-
tomated or at least assisted the proof of the new results. The new algorithm might also
as well be useful in other games or other brunches of mathematics.

Erickson made 5 conjectures in [2]. Four of them have already been confirmed, three
are positive and one is negative. Conjecture 5 is difficult and still open. The author made
five new conjectures in [5]. Two of these conjectures are the refine version of conjecture
5 of Erickson. We believe that proving these five new conjectures could lead to a new
technique and a better understanding of this game.

We end this paper by stating conjecture and open problem similar to the positions we
proved in this paper.
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Conjecture:
T0000F® = {a — bla — b}, a>6,b>6.

Open Problem:
For a fixed number i > 5, find the values of T¢CJ'F®.

APPENDIX
APPENDIX A. TeJOF?

We show T*O00F = {{a —3|a—0b} | {x|3—-0}}, a>b>2.

This position is the smallest nontrivial starting position with variable on both Toads
and Frogs. The values of this position are the first conjecture of Erickson in [2]. We will
do the case analysis similar to Section 3. The proof is not long but tricky.

For the case a > b = 2, the result is already known in [4] and [6].

For the case a > b > 3 ,we will prove 11 lemmas that will lead to the main theorem.

We first show the value of T* 'OTFOF*~!. We then conclude the result by showing that
T*O0F® = T 'OTFOF* L. Below is how the tree looks like at the beginning.

T 'OTFOR !

N

Te2OTTFOFRY T 'O0OFTFS-Y  Te 'FTOOFR!  Te 'OTFFOR2

(continue on suly \ / \

Te2O0TOFTEFS-! Te 'OFOTE! Te 'FOTOFRY ! Te 'FTOFOR2

FIGURE 2. Main tree
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T 2OTTFOR !

PN

Te3OTTTFOR ! T 20TOFTEY ! Te2OTTFFOR2

T 20TFOTFY !

NN

T ?00FTTEY T OTTFOTE !
(a—3)

FIGURE 3. Sub picture of the main tree

Lemma A.1,A.2 and A.3 will be useful for the subsequence lemmas.

Lemma A.1. T°0 T*FOTF =a, k> 2,a>0,b> 0.

Proof: We show
I) T°00 TFFOTF < a, k>2,a>0,b>0.

IT) T*00 T*FOTF® > a, k>2,a >0,b> 0.

1
—

2
I) To show T* 0 T FOTF* <a, k>2,a>0,b>0.
Casel: T°0] T*'FO < a. The left hand side is a by (2.1).
Case2: Te 10 TFIFFTOFRY! < a. This is true by (2.4).

IT) To show T°C] T*FOTF® > a, k>2,a>0,b> 0.

11
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By BR, the left hand side > T°0 + FOTF’ = a + 0 = a.

Lemma A.2. T*OTFOFTF? >a—1, k>1,a>1,b>0.

Proof: Left has only choice which leads to: T¢ 'OT*FOTF® > o — 1.
This is II) of Lemma A.1.

Lemma A.3. T*FOTF/TOFR® < {00}, i>0,7>1,a>0,b>1.
Proof: We use induction on a.

2

1 2
Base Case: a = 0, OT'F/ T OF® <{0 | 0}
Casel: OT'F/OTF® < 0, true by one side DLP.

Case2: OT'F/TFOF’! <0, true by one side DLP.

2 1

Induction Step: T* FOT'F/ T OF S{OTO}, a>1
Casel: T*FOT!F/OTF® < 0, true by one side DLP.
Case2: T 'FOT*HF/TOF® < {0 | 0}, true by induction.
Case3: T*FOTF/TFOF*! < 0, true by one side DLP.

2 EX
Lemma A.4. T°F TOFF TOF? <0, k>1,a>0,b> 2.

Proof:

2 1
Casel: T*F T OFt T OF! <0
Casel.l: T*FTFOF*OTF ! < 0, true by one side DLP.
Casel.2: T*FOTFHITFOF 2 < 0, true by one side DLP.

Case2: T*FOTF*TFOFR* ™! < 0, true by one side DLP.
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1 2
Lemma A.5. T°F T OFFOTF® <{0 |0}, k> 0,a>0,b> 3.
Proof:
Casel: T*FOTF*!'TOF! < {0 | 0}, true by Lemma A.3.
Case2: T*FTOF*ITOF"! < 0, true by Lemma A 4.

Lemma A.6 will be used for bypass reversible move rule in figure 3.

2 1 3

Lemma A.6. T° O T FOTF® < T°OTTFO Fb, o> b > 2.

Proof:
Casel: T*00OF < T*OTOFTF?
= a — 1 < T*OTOFTF?, refer to (2.2). True by Lemma A.2.

Case2: T*'OTTFOTF® < T*OTOFTE®.
The left hand side is @ — 1 by Lemma A.1.
Then the statement is true by Lemma A.2.

Case3: T°FTOOTF* <a—b+1

= TFOTFTOF* ! < a — b+ 1, true by Lemma A.3.

2 1

Lemma A.7. T OTT T FOF < a, > 0,b> 1.

Proof:
Case 1: T*OTTFOTF® < a , true by Lemma A.1.

Case 2: T* 'OTTTTFFOF*! < a. The left hand side is a — b.

Lemma A.8 will be used for bypass reversible move rule in figure 2.

2
=

1 3
Lemma A.8. Te~! 0T FOTF® < T*CO F TF®, a>2,b>0.

Proof:

13
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Case 1: @ — 2 < T 'OTOFTF?, true by Lemma A.2.

Case 2: T*?2OTTFOTF® < T* 'OTOFTEF?, the left hand side is a — 2, by Lemma A.1.
Then the statement is true by Lemma A.2.

Case 3: T* 'OTFOTF® < T 'OTFOTF®. This is trivially true. U

Lemma A.9. T°OFOTF* <1, a>2,b> 2.

Proof: = T* 'FTOOTF® < 1.
= T 'FOTFTOF* ! < 1, true by Lemma A.3. U

Lemma A.10. T*FOT*OF* = {0] 0}, k>1,a > 3,b> 2.
Proof: Need to show

I) T*FOTOF® < {00}, k> 1,a>0,b> 2.

IT) T*FOT*OF® > {0 | 0}, k>1,a>3,b> 1.

I) We use induction on a
1 2

Base Case: a =0, 0 T*OF* < {0]0}.
Case 1: OT*FTOF*! < {0 0}, true by Lemma A.3.

Case 2: OT*FOF"! < 0, true by one side DLP.

1

2 ER 3
Induction step: T* FO T* OF* < {0]0}, a>1.
Case 1: TeFOTHIFTOF*! < {0 0}, true by Lemma A.3.
Case 2: T 'FOT*OF® < {0 0}, true by induction.

Case 3: T*FOTFFOF*! < 0, true by one side DLP.
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1 2

IT) To show T*FOT*OF*>{0 |0}, k> 1,a > 3,b> 1.

Case 1: T*FOT*'OFTF ! > {0 | 0} , true by negative of Lemma A.5.

1

2 &
Case 2: Te 'O F TFIO FP> 0.
Case 2.1: Te'OFT*OFTF*! > 0, true by negative of Lemma A .4.

Case 2.2: Te"'FOT*OTFE® > 0, true by one side DLP. U

1 3
=

Lemma A.11. {x |1 —b} <TOTFFOF, b>1,a>b+2.

Proof:
Casel: x<ag—b—1.

3
RN 2 <~

Case 2: {x |1 —b}< TeFOT F O F°.
Case 2.1: * < T*FOOFTE?, true by the negative of Lemma A.5.
Case 2.2: 1 — b < TOOF®. The right hand side is 1 — b, by (2.2).
Case 2.3: 1 — b < T*FOTFFOF®!, true by the negative of Lemma A.1.
Case 3: {*|1—0b} <a-—0b.
= 0 < a — b, which is true. O

After applying Lemma A.1,A.6,A.7,A.8,A.9,A.10,A.11 to the tree in figure 2, it looks
like:
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T ' OTFOR !

N

Te2OTTFOFRY T 'O0OFTFS-Y Te 'FTOOFR!  Te 'OTFFOR2

/ \ / wted by Lemma A.11)
3—-0b

Lemma A 1,A.6, A 7 3espectlvely) <1
(Lemma AB) (Lemma A.9) (Lemma A.10)(Negative of Lemma A.8)
FIGURE 4. Tree after applying Lemma A.1,A.6,A.7,A.8 A.9,A.10,A.11

It might be helpful to provide some explanation of the value a — 3 after applying
Lemma A.8 above. We apply the bypass reversible move by comparing the position
T 'O0OFTF ! and T* 20TFOTFEF! which is the only right option of T¢20TOFTF !,
The left options of T¢2OTFOTE"! are Te200FTTF’"! and T* 3OTTFOTF ! in
which both have values a — 3 by (2.2) and Lemma A.1 respectively.

After applying these lemmas, we finally conclude that
T ' OTFOF! = {{a —3 | a—b} | {x |3 —0b}}.

We finally show the main theorem using the result above.

Theorem A.12. T°O0F’ ={{a—3|a—b} | {x|3—=b}}, a>b>3.
Proof: Need to show
I) TaDDFbS{{a—S la—0b}|{x]|3—0b}}, a>b>3.

II) T°O0F" > {{a —3|a—"b} | {]|3-b}}, a>b>3.

2
Pl

I) To show T¢ OOF® <{{a —3|a—b} | {x[3—b}}, a>b>3.

Case 1: Te ' OTFOF ! < {{a—3|a—0b}| {x|3 —0b}}, true by the tree above.

2

Case 2: T* OFOOF < {x |3 b},
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Case 2.1: {* |3 —0b} < {x|3—10}, true by the tree above.

Case 2.2: T°OFFOF* 2 <3 —b.
= T 'FTOFOF®2 < 3 — b, true by the negative of Lemma A.2.

1 2

IT) To show T F® > {{a—3|a—0b}|{x|3—-0}}, a>b>3.

Case 1: Te 'OTFOF* ! > {{a—3 | a—0b} | {x| 3 —b}}, true by the tree above.

1 2
=

Case 2: T*"'OTOF® > {a—3]a—b}.
Case 2.1: {a—3|a—b} >{a—3]|a—"0b}, true by the tree above.

Case 2.2: T* 2OTTOF? > a — 3. This is the negative of I) Case 2.2. O

AppPENDIX B. T*OOOFFF

We show T*UUUFFF = a — % , a4 > D.

We are supposed to be able to prove the values of the class OJUUFFFE by the symbolic
finite-state method (see [4],[6]). Then the result above will follow as one of the special
case of many positions in the class. However there are too many possible cases to make
conjectures. For now we prove the value of T*CJUOFFF, a > 5 by hand. The proof is
quite lengthy but the plan is clear. We need 7 lemmas before we can prove the main
theorem.

Below is the outline.
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T*UOUOUFFF = a — %
T 'OTOFOFF = a — Z

<>

T*20OTTFOJFF = a — %

<

T 2OTFOTOFF =a — £

oS

Te3OTTFOTFOF = a — £ T ?0O0OFTTFOF = a — Z

2

T“*3DTFDTT UF = @

2

FIGURE 5. Main tree

We first show Lemma B.1. Then we will start to work from the bottom of the main tree
(figure 5) and go all the way up to the top.

Lemma B.1. T*30TFOTFOTF < a — % ,a> 5.

4
kX 2 1 &

Proof: To Show T3 0T FO T FOTF < a—I.

Case 1: T*3OTFOOFTTF < a — 4.
The left hand side is T* 3OTFOOF = a — 4, a > 4. This value is the result in [4]
(see also [6]).
2

1
Case 2: T* 3 OOFT T FOTF < a — 4.
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Case 2.1: T*300FTFO < a — 4. The left hand side already is a — 4.

Case 2.2: T *OTFOTTFOTF < a — 4 , true by one side DLP.

3 2 1

Case3: Te=* OT T FO T FOTF < a — 4.
Case 3.1: T**OTTFOFO < a — 4. The left hand side is {{a — 4| a — 4} | a — 4}.
Case 3.2: T *OTFOTTFOTF < a — 4, true by one side DLP.

Case 3.3: T* °OTTTFFTOOTF < a — 4. The left hand side is (a — 5) + 1.

2 1

Case 4: T 3F T OO0 T FOTF < a — 3.

Case 4.1: T*3FTOUFO < a — 3. The left hand side is {{a —3 | a — 3} | a — 3}.

2

2 L
Case 4.2: T* 3 FOTF T OOTF < a — 3.

Case 4.2.1: T*3FFTOOTOTF < a — 3.
The left hand side is {3 | 3} which assure the statement for a > 7.

Case 4.2.2: T**FOTTFTOOTF < a — 3.
= T ?FTUOOTF < a — 3, The left hand side is 1.

We now have Lemma B.1. We are one step closer to the main theorem. We now prove
the statement at the bottom of the tree. 0

Lemma B.2. T*30OTFOTTFOF =a— I, a > 5.

2 7

Proof: Need to show
I) T*30OTFOTTFOF < a — %

II) T**0OTFOTTFOTF > a — .
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3 4
—

1 1,
I) To Show T* 3OTFOTTFOF< a— 1.

[\

Casel: T 3OTFOTFOTF < a — %, true by Lemma B.1.
Case 2: T*3O0FTTTFFO < a — g The left hand side is a — 4.
Case 3: T**OTTFO < a — % The left hand side is a — 4.

Case 4: T*30OTFO < a — 3. The left hand side is a — 3.

1 2 3,
IT) To Show T*30O0T FOTTFOF > a— % .

Casel: T**FOTOTTFOF > a — % The left hand sideis > 1+ (a—3)—1=a — 3.

Case 2: T*30OTFO > a — 3. The left hand side is a — 3.

Case 3: T*3OT FOTOF TF > a— 4.

Case 3.1: T*3FOTUTOFTE > a — 4.
= T*3FOOTTFOTF > a — 4. The left hand side is > a — 3, by BR.

Case 3.2: T*3OTFOOFTTE > a — 4. The left hand side is a — 4.

Lemma B.3. T* ?200FTTFOF = a — % ,a>b.

Proof: Need to show
I) T*?00FTTFOF < a — L.

IT) T*?00FTTFOF > a — %

2 3

- i} —
I) To Show T*20O0OFTTFOF < a— L.

[\
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2 3
&

= N
Casel: T*"2 OOF T FOTF <a— 1.
Case 1.1: T*?0O0F0F < a — 4. The left hand side is a — 4.

Case 1.2: T*3OTFOTFOTE < a — %, true by Lemma B.1.

2

Case 1.3: TZ_2 OFO % FOTF < a - 3.
Case 1.3.1: T*2FO00F < a — 3. The left hand side is a — 3.
Case 1.3.2: T*3FTOOTFOTF < a — 3. This is case 4 of Lemma B.1.
Case 2: T*3OTFOTTFOF < a — % The left hand side is a — % by Lemma B.2.

Case 3: T*?20O0FTTFFO < a — 3. The left hand side is a — 3.

1 2 3,
I1) To Show T*200F TTFOF> a—1.
Casel: T 3OTFOTTFOF > a — g The left hand side is a — % by Lemma B.2.

Case 2: T*2JOF > a — 3. The left hand side is a — 3.

1 2
Case 3: T*30OTOF TTFOF > a — 4.
Case 3.1: a —4 > a — 4, by Lemma B.2.
Case 3.2: T*30O0TF > a — 4. The left hand side is a — 3.

We have Lemma B.3 here. Lemma B.4 is similar to Lemma B.3. They are also at the
same level in the picture. U

Lemma B.4. T*3OTTFOTFOF = a — % ,a > 5.

Proof: Need to show
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I) T 30TTFOTFOF < a — %

IT) T*3OTTFOTFOF > a — %

3 2 1 &

I) To Show T* 3OTTFOTFOF< a— 1.

2

2 3

2 S &
Case 1: T**OT TFOFOTF < a— I,

)

Case 1.1: T*3OTFOTFOTF < a — %, true by Lemma B.1.

Case 1.2 T**OTTTFFOOTF < a — £. The left hand side is (a —4) — 1.
Case 1.3: T*3OTTFFOOTF < a — 3. The left hand side is (a — 3) — 1.
Case 2: T*3OTFOTTFOF < a — % The left hand side is a — % by Lemma B.2.

Case 3: T**OTTTFFTOOF < a — % The left hand side is a — 4.

Case 4: T*3OTTFFTOOF < a — 3. The left hand side is a — 3.

[ le

IT) To Show T 30OTTFOT % 0 %2 a % .

Case 1: T*3OTTFFTOOF > a — 3. The left hand side is a — 3 .

Case 2: T**0OTOFTTFFO > a — 2. The left hand side is {a — 3 | a — 3}.
Case 3: T*3OTOFTTFOF > a — 4. This is IT) Case 3 of Lemma B.3.

Lemma B.5. T* 20OTFOTOFF = a — % ,a>5.

Proof: Need to show
I) T*?0TFOTOFF < a — %

IT)) T*>OTFOTOFF > a — I,
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3 2 R A
I) To Show T* 2O TFOTOFF < a— L.

V]

2

1 ~
Casel: T*2F T OOOTFF <a — % .

Case 1.1: T*?2FOTOFTOF < a — %
The left hand side goes to = T* 'OFTOF = {1 | 1}.

2 1
Case 1.2: T*?2FTUOOF TOF < a — 3.

Case 1.2.1: T* ?2FTOFOOTF < a — 3.
The left most position will get block eventually.

Case 1.2.2: T*?FOTFOTOF < a — 3.

The left hand side goes to = T* 'FOTOF < a — 3.
The left hand side is {{{a — 3|2} | 1} | 0}.

Case 2: T*?0O0FTTFOF < a — % The left hand side is a — % by Lemma B.3.

Case 3: T*3OTTFOTFOF < a — % The left hand side is a — % by Lemma B.4.

3 2 1

Case 4: T* 20T FOT FOF < a — 3.
Case 4.1: T*?FTUOOOFTF < a — 3.
= T ?2FOTOFOTF < a — 3.
= Te 'OFOTF < a — 3., the left hand side is 1.
Case 4.2: T*200F < a — 3. , the left hand side is a — 3.

Case 4.3: a — 3 < a — 3, true by Lemma B.4.
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3
=

1 2
II) To Show T*2OTFOTUOFF> a—1I.

[\

2
-

1
Case 1: T*?FOTOTOF F > «a

N[~

Case 1.1: T*?FOOTTFOF > a — % The left hand side is > (a — 2) — 1.
Case 1.2: T*?00TTOFF > a — 4. The left hand side is > (a — 2) — 2.

Case 2: T*?FOOFTTFOF > a — %, true by Lemma B.3.

Case 3: T*S3OTTFOTOF F > o — 4.

= a—42>a—4, by Lemma B.4.

Lemma B.6. T* 2OTTFOOFF = a — % ,a>5.

Proof: Need to show
I) T*?OTTFOOFF < a — %

IT) T*20TTFOJFF > a — %

2 3

I) To Show T* 20T TFOJFF< a—1.

Case 1: T*?0OTFOTOFF < a — %, true by Lemma B.5.

2 3

2 1 &

Case 2: T* 3 0OTT T FOFOF < a — % )
Case 2.1: T*30OTTFOTFOF < a — %, true by Lemma B.4.

Case 2.2 T**OTTTTFFOOF < a — . The left hand side is (a — 4) — 2.

Case 2.3: T*3OTTTFFOOF < a — 3. The left hand side is (a — 3) — 2.



THREE RESULTS OF COMBINATORIAL GAME TOADS AND FROGS 25

2

Case 3: T** OT T FOFOF < a — 3.
Case 3.1: T*?OTFUTFOF < a — 3. This is case 1)4 of Lemma B.5.

Case 3.2: T*3OTTTFFOOF < a — 3. The left hand side is (a — 3) — 2.

2
=

1
IT) To Show T ?OTTFOUFF > a

NSJEN]

3
=

Case 1: T*20TOF TFOF> a— L.

N

Case 1.1: T*30OTTFOTFOF > a — %, true by Lemma B.4.

Case 1.2: T*?O0TFTFFO > a — %

The left hand side is > T*?0O0F0 = a — 3.

Case 1.3: T*?0OOTFTFOF > a — 4.
The left hand side is > T*?O0F0 - 1= (a — 2) — 1.

Case 2: T*2OTOFTOFF > a—4.
Case 2.1: a —4 > a — 4, by Lemma B.5.

Case 2.2: T*20O0OTFTFOF > a — 4. This is case 1.3 above. O

Lemma B.7. T* 'OTOFOFF = a — % ,a > 5.

Proof: Need to show
I) T*'OTOFOFF <a — 1.

IT) T*'OTOFOFF > a — %

2 3

- _1) —
I) To Show T !OTOFOFF < a— 1.

[\
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1 2
Pl

Case 1: T*" ' OOTFFOF < a— 1.

2 3
Pl

2 1,
Case 1.1: T*2OTF TOFOF < a— 1

[\

3
&

Case 1.1.1: To2F T OO T FOF < a— I . (The left hand side is {1 | 3})
Case 1.1.1.1: T*?FTOOOFTF < a — 4.
= T ?FOTOFOTF < a — 4.

= T 'OFOTF < a — 4. The left hand side is 1.

Case 1.1.1.2: T*?FOTFTOOF < a — %

= T 'FTOOF < a — % The left hand side is 0.
Case 1.1.1.3: T*?2FTOFTOOF < a — 3. The left hand side is < 2.
Case 1.1.2: T*3OTTFTFOOF < a — L.

2

The left hand side is < (a — 3) + OTOF = (a — 3) — 3

Case 1.1.3: T*2F T O T OFOF < a — 3.
Case 1.1.3.1: T*?2FTOFTOOF < a — 3. This is case 1.1.1.3 above.
Case 1.1.3.2: T*?FOTTFOOF < a — 3.

= The left hand side is < T*FOOF = {{1 | 1} | 0}.

2

5
Case 1.2: T ' OF T OFOF < a — 3.
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2

= EN
Case 1.2.1: T* ' OFF T OOF < a — 3.

2

= EX
Case 1.2.1.1: T* ' FOFO T OF < a — 3.
Case 1.2.1.1.1: T 'FFOOOTF < a — 3. The left hand side is -2.

Case 1.2.1.1.2: The left hand side goes to = T 'FOTOF < a — 3.
The left hand side is {{{a — 3|2} | 1} | 0}.

Case 1.2.1.2: T2 2F % LF % UOF < a — 3.
Case 1.2.1.2.1: T*?FTFO0OTOF < a — 3.
= OTOTOF = {1] 1}.
Case 1.2.1.2.2: TOTOOF < a — 3. The left hand side is 2.

Case 1.2.2: T* ?FTUOTOFOF < @ — 3. This is case 1.1.3 above.

Case 2: T*?0OTTFUOOFF < a — %, true by Lemma B.6.

2

2
Case 3: T*' O T FOOFF < a — 3.

2

2 .
Case 3.1: T* ' OFO T OFF < a — 3.

2

= ER
Case 3.1.1: T* ' OFOF T OF < a — 3.
Case 3.1.1.1: T* 'FOOFOTF < a — 3.

= T 'OFOTF = 1.

Case 3.1.1.2: T*2F T OOF T OF < a — 3.
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Case 3.1.1.2.1: T*?2FTOFOOTF < a — 3.
The statement above is true since the left most part of the position gets
block eventually.
Case 3.1.1.2.2: T*?FOTFOTOF < a — 3.
The left hand side goes to = T* 'FOTOF = {{a — 3| 2} | 1} | 0}

Case 3.1.2: a —3 < a— 3, by Lemma B.5.

Case 3.2: a —3 <a—3, by Lemma B.6.

3
=

1 2
II) To Show T 'OTOFOFF >a

N7

Case 1: T*?0OTTFUOOFF > a — %, true by Lemma B.6.

3
=

1 2
Case 2: T*?OTTOF FOF>a — { .

Case 2.1: T*?OTOFTFOF > a — 1. This is IT) casel of Lemma B.6.

| e

1
Case 2.2: T*20OTOT F FFO > « g )

1 2
Case 2.2.1: T*SOTTFTOF FO >a — 1 .

2

1 =
Case 2.2.1.1: T**0OTTFO F TFO >a — 1 .

Case 2.2.1.1.1: T*30TTFFOTFO > a — 3.
The left hand side is (¢ —3) +0 =a — 3.

Case 2.2.1.1.2: Te30TO F TFTFO > a — 4.
— Te3O0FTTFTFO = a — 4.
The left hand side > T*300F + FTFO = (a —4) + 0 = a — 4.
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Case 2.2.1.2: T*3OTTFOTFFO > a — 4.
The left hand side > T*?*0+ OTFFO = (a — 3) + 0 =a — 3.

Case 2.2.2: T*20JOTTFFFO > a — 4. The left hand side is 2(a — 2).
xS 2
Case 2.3: T*30OTTTOF FOF> a—4.

Case 2.3.1: T*30TTO % TFO %2 a—4.
Case 2.3.1.1: a—4 > a — 4, by Case II 1.1 of Lemma B.6.
Case 2.3.1.2: T*3OTOTFTFFO > a — 4.
The left hand side = T**0TF0 = a — 3.

Case 2.3.2: T*3OTTUOTFFFO > a — 4. The left hand side > a — 3.

1 2
Case 3: T*?2OTTUOFOFF > a—4.
Case 3.1: a —4 > a — 4, by Lemma B.6.

Case 3.2: T 3UTTTUFFOF > a — 4, true by the Case 2.3 U

Theorem B.8. T*JUFFF = a — % ,a > 0.

Proof: Need to show

I) T°000FFF < a — %

ITI) T"000FFF > a — 1.

2
Pl

1) To Show T°COOFFF < a— I

Case 1: T* 'OTOFOFF < a — %, true by Lemma B.7.
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Case 2: T*OOFOFF < a — 3.

= a—3 <a-—3, by Lemma B.7.

2

—

I1) To Show T*O00FFF> a—1.

Case 1: T* " 'OTOFOFFF > a — %, true by Lemma B.7.

Case 2: T*'OTO0F FF > o — 4.

=a—42>a—4, by Lemma B.7. 0]
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