Chapter 13 Partial Derivatives

13.5 The Chain Rule

Recall chain rule from calculus I where y = f(u) and u = g(z).
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Now suppose that z = f(x,y) is a differentiable function of x and y, where x = ¢(t)
and y = h(t) are both differentiable function of ¢. Then z is a differentiable function
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Example 1: If z = zy?, where z = t*> and y = v/¢. Find a
Solutions:
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First way: Direct computation: z = 3 then 7= 3t2.

d 1
Second way: Chain rule: d_i = y*(2t) + 2zy - —= = 26> + ¢* = 3t*.
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Example 2: If 2 = 2y + 9%, where x = sint and y = e~*. Find d—j when t = 0.

More general case: Let z = f(z,y), = =g(s,t), y=h(s,t). Then
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Example 3: If 2z = e®siny, where x = st? and y = s*t. Find 8_Z and i
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Application: Implicit Differentiation

Chain rule gives another way to solve the implicit differentiation. Let F(z,y) = 0.
Then differentiate F' both sides with respect to x using chain rule.
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The following example can be done by applying this formula or by implicit differen-
tiation with respect to x.
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Example 4: Find d_y if 23 + 93 = 62y.
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dy 2y — 2?
Answer: — = .
de  y?>—2x

Similarly, for z = f(z,y), we let F(z,y,z) = 0. Then
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But (9_9(: =1 and @ = 0. This equation becomes
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Example 5: Find % if yz=1In(x + z).
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13.6 Directional Derivatives and Gradients

Definition (Gradient Vector). If f is a function of two variables, then the gradient
of f is the vector function V f

af of

Vf(z,y) = <6_x’8_y>'

Example 1: Find the gradient vector of f(z,y) = sinx + e*V.

Definition (The directional derivative). The directional derivative of f at (xq,yo)
in the direction of a unit vector u = (a, b) is

1 x +ha7 +hb — Zo,
Duf(ﬁo,yo)zilg%f( 0 Yo . ) — f(x0,v0)

if the limit exists.



Then
Duf($ay) = fw(x,y)a + fy($7y)b = vf($ay) - W

Dy f(z,y) is the rate of change of f(x,y) in the direction u. The partial derivatives
in x and in y are Dy oy f(x,y) and Doqy f(z,y).

Example 2: Find the directional derivative of the function f(x,y) = 2%y® — 4y at the
point (x,y) = (2, —1) in the direction of the vector v = 2i + 5j.
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Answer: D, f(2,-1) = —.
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Example 3: Find the directional derivative Dy f(z,y) if f(z,y) = 23 — 3zy + 49* in
the direction of angle 6 = g to the z-axis. Also find Dy f(1,2).
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Answer: Dy f(x,y) = % (3v32% — 3z + (8 = 3V3)y), Duf(1,2) = 5

Theorem 1. The mazximum value of Dy f(z,y) is [|Vf(x,y)]-

Proof. Duf(z,y) = Vf(z,y) - u=[|V[(z,y)ll[[ull cos§ = ||V f(z,y)] cos .

Example 4: Find the maximum value of D, f(z,y) of the previous problem.



