FORMULA SHEET

1. CHAPTER 2

Newton’s Method:

Pn = Pn—1 — ;/(5;;__11))7 n Z ]-

Secant Method:

— _ f(pnfl)(pnfl_pan)
Pn = Pnet = T ) G 0 22

Improved Newton’s Method:

— _ fPn=1)f" (Pn—1)
pn _pn_l f’(Pn—1)2—f(1?n—1)f”(pn71)’ n 2 1

Aitken’s A2 Method:

P e TP iven sequence p.

pAn = Pn —

Steffensen’s Method:

(n) _ (n—1) (" —p{""Y)? . _ (0
pon = pon - pgnfpll)_2pgnliol)+pgnfl) , S1ven po <— Po )
-1 -1 -1 -1

where pgn ) — g(pén )) and p(Qn ) — g(pgn )).

2. CHAPTER 3

Lagrange Interpolating polynomial:

Given ($07y0)7 (xla 91)7 neey (xkayk)-

_ (z—zo)(z—z1)...(z—zi—1)(x—Tig1)...(x—T})
Ll(x) - (x,y—xg)o(xi—xll)...(aci—xi,ll)(xi—xtil)...(xi—k:ck.)'

P(z) = yoLo(x) + y1L1(x) + ... + yrLi(z).

Theorem 3.3: let f € C**1[a,b] and let P(x) be the Lagrange Interpolating poly-
nomial degree k in [a, b]. Then for each = € [a, b], there exists £(z) in (a, b) such that

f(z) = P(a) + L0 (@ — ) (@ — 1)...(z — ).

Neville’s Method:
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for any 1, 5,1 # j.
Hermite Polynomial:

Given (2o,Y0), (1, Y1), -, (Tk, yx) and (zo,yg), (1, 1), -, (Tk, Yp)-
H(z) = Yo yiHile) + Si_o i Hi(w).

where H;(x) = [1 — 2(z — z;)L}(z;)|L3(z),

and LZ(LL') _ (z—z0)(z—21)...(x—2i—1)(T—Ti41)...(T—T))

(Ii71?0)(92,;7I1)...(;vl7CEi71)(Ii71’7;4,1)“.({1:7;7:12)@) :

Moreover, if f € C?%*+2[q + b], then

f(z)=H(x) + %J‘(%”) (&) for some € € (a,b).

3. CHAPTER 4

Numerical Differentiation:

Two-point formula:
f'(wo) = Lt =IE0) — e f7(€) | where € € (0,20 + D).

Three-point formula:
Fxo) = —3f(xo)+4f(m§}—2—h)—f(xo+2h) + %f(3)(§) , where £ € (z0, 29 + 2h).

Three-point formulas:
— — 2
f(wo) = Lothloflroh) 1o £G)(g) | where & € (xg — h,zo + h).

Five-point formula:
— — — — 4
ét‘]/l()ajo) _ f(zo—2h)—8f(xo h)lg-}?f(xo-i'h) f(zo+2h) + %f(f)) (€) , where € € (zg—2h, mo+

Richardson Extrapolation:

If we know the approximation of M is in the form
M = N(h) + K1h + Koh? + K3h3 + ...

Then N;(h) (which is the diagonal entries in the table) can be obtain from the

formula:

Ni—1(&)—N;_1(h
Ni(h) = Ni_y (&) + =G
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If we know the approximation of M is in the form
M = N(h) + K1h? + Koh* + K3hS + ...

Then N;(h) (which is the diagonal entries in the table) can be obtain from the
formula:

N;(h) = Ni,l(%) + M

4-T_1

Element of Numerical Integration:

Midpoint Rule:
2 f@)de = (b—a)f(“£2) + 1 (). € € (a,b).

Trapezoidal Rule:
2 f@)de = L(f(a) + F(0) = 25 "(€), €€ (ab), where h=b—a,

Simpson’s Rule:
S f@)de = 5(f(a) +4£(552) + f(0) = S5 FD(©), € € (a,b), where h =152,

Composite Numerical Integration:

Error term of composite Trapezoidal Rule of f: f(z)dx :
Error term = 222h2f(€), € € (a,b) , where h is step size.

Error term of composite Simpson’s Rule of fab f(x)dz:

Error term = Z’I*Tgh‘ifw (&), €€ (a,b), where h is step size.

4. CHAPTER 5
Approximation to the First Degree Ordinary Differential Equations:
/
y' =f(ty)

Euler’s Method
w; = wi—1 +h* f(ti1,wi1).

Midpoint Method
Wi =wi—1 4+ h* ftiog+ & wio + B f(tio1,wish)).

Modified Euler Method
w; = wi—1 + % # (f(tic1, wim1) + f(tics + hywicy + hf (tim1, wis1))).

Heun’s Method
wi = wiy + 4o (f(tio,wis1) +3f(tioy + Shywiy + Fhf(tiog, wi1))).

Error bound for Euler’s method of y(t;) — w;:
Error bound = 2 [eL(ti=a) 1],
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where L is a Lipschitz constant and M = max |y”(t)| in the given interval [a, b].



